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Abstract Relativistic astrophysical collisionless shocks represent outstand-
ing dissipation agents of the huge power of relativistic outflows produced
by accreting black holes, core collapsed supernovae and other objects into
multi-messenger radiation (cosmic rays, neutrinos, electromagnetic radi-
ation). This article provides a theoretical discussion of the fundamental
physical ingredients of these extreme phenomena. In the context of weakly
magnetized shocks, in particular, it is shown how the filamentation type in-
stabilities, which develop in the precursor of pair dominated or electron-ion
shocks, provide the seeds for the scattering of high energy particles as well
as the agent which preheats and slows down the incoming precursor plasma.
This analytical discussion is completed with a mesoscopic, non-linear model
of particle acceleration in relativistic shocks based on Monte Carlo tech-
niques. This Monte Carlo model uses a semi-phenomenological description
of particle scattering which allows it to calculate the back-reaction of ac-
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2celerated particles on the shock structure on length and momentum scales
which are currently beyond the range of microscopic particle-in-cell (PIC)
simulations.
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1 Introduction
Relativistic collisionless shocks are extreme phenomena of plasma physics
which form at the interface of the relativistic outflows of powerful astrophys-
ical sources (e.g. gamma-ray bursts, pulsar wind nebulae and active galactic
nuclei) and their environment. These shock fronts are not only outstanding
dissipation agents, which convert into relativistic heat and disorder a well
ordered relativistic flow, they also appear to produce quasi-power law spec-
tra of accelerated particles up to very high energies through a relativistic
variant of the Fermi process. These particles either escape the accelera-
tion site and thus become cosmic rays, possibly very high energy cosmic
rays, and/or they interact with ambient backgrounds to produce high en-
ergy photons and possibly neutrinos over a wide range of energies. In this
regard, the physics of relativistic shocks is a key element in the arena of
astroparticle physics and high energy astrophysics.
How such shocks form, how particle acceleration takes place, how mag-
netic turbulence is excited and to what level, remain fundamental open
questions. Reviews on the physics, the numerical simulation and the phe-
nomenology of relativistic collisionless shocks exist in the literature, which
describe the progress achieved so far, see in particular Bykov et al. (2012b),
Sironi et al. (2015), Marcowith et al. (2016). The present review takes a
different stance and tries to describe analytically the physics of these phe-
nomena to some level of detail. Due to the limited space, not all details
could be presented nor could all regimes be investigated. The emphasis
has been deliberately placed on unmagnetized relativistic shocks, which are
representative, for example, of external shocks in gamma-ray bursts; other
types of shocks are nonetheless briefly addressed to provide a more general
picture.
The paper is laid out as follows; in Sec. 2, we provide essential notions
on relativistic collisionless shock waves, discussing in particular the shock
jump conditions and the particle kinematics; Sec. 3 desribes how a rela-
tivistic collisionless shock forms, depending on the ambient magnetization
and shock velocity; Sec. 4 discusses the physics of the precursor, in which
the superthermal particle population mixes with the background plasma,
and where the latter is pre-heated and slowed down; Sec. 5 presents some
phenomenological consequences and observational tests of the theory. Fi-
nally, we complete this analytical model with a description of Monte Carlo
numerical simulation techniques in Sec. 6, which provides a complementary
point of view on the physics of relativistic shocks. While Monte Carlo simu-
lations must use as input some microphysics describing particle kinematics,
which can be derived from the analytical theory presented earlier, they also
3provide a mesoscopic non-linear picture which is useful to extrapolate mi-
crophysical results to astrophysical scales of interest. Our main results are
summarized in Sec. 8. Some details of a more technical nature are presented
in Apps. A.1, A.2 and A.3.
2 The basics of Relativistic Shocks
Just as any other shock front, a relativistic shock in a plasma corresponds
to a transition between two plasma states at a “front” which moves at ve-
locity close to the velocity of light relative to some unshocked medium (the
background plasma). Such a shock transition requires that the shock front
moves at a velocity vsh which is faster than the velocity at which causal
disturbances can be transmitted in the background unshocked plasma. In
the hydrodynamical limit, this velocity is cs, the sound velocity; if the back-
ground plasma is magnetized, however, various modes can propagate in the
plasma, at different velocities, hence several types of shock waves can be
envisaged; see Kirk and Duffy (1999) for a detailed discussion. This review
will be interested in fast shock waves, which move faster than the fast mag-
netosonic velocity
(
c2s + v
2
A
)1/2
, vA corresponding to the Alfve´n velocity in
the background plasma. For simplicity, it will also be assumed that the
shock front is planar and that it propagates into the background plasma
along its normal.
Upon crossing the shock front, the ordered kinetic energy is converted
into thermal energy mostly. A description of the physics of shock fronts is
conveniently made in the so-called front frame that separates two homo-
geneous plasmas, namely the upstream plasma, the unshocked background
plasma that inflows into the shock front, and the downstream plasma, which
flows away from the shock at a subsonic velocity as a consequence of in-
tense heating in the shock transition. In a collisional plasma, this transition
is usually quite sharp, its size being measured in units of the mean free path
of particles. In collisionless, non-relativistic plasmas, with an oblique mag-
netic field (i.e. meaning that the field lines have a finite angle with respect to
the shock normal), the size of the transition is measured in term of the gy-
ration radius of ions. In parallel shocks (i.e. with a magnetic field parallel to
the shock normal), the transition is generally much more extended, because
strong disturbances are generated and the absence of collisional dissipation
allows them to travel over larger distances. In this case, the upstream and
downstream plasmas close to the shock front need not be uniform. Never-
theless, on some scale, provided the downstream flow has been isotropized,
the so-called Rankine-Hugoniot jump relations, which express the balance
of the fluxes of matter, momentum and energy, are fulfilled.
In the next section, we recall these jump conditions and discuss the kine-
matics of particles around this shock front, which are peculiar to relativistic
shock waves.
4Fig. 1 Sketch of the shock transition in various frames, along with the flow veloci-
ties. The dotted line represents a sketch of the density distribution of superthermal
particles; the extension of this distribution in the upstream delimits the shock pre-
cursor. In the shock rest frame (b), the downstream moves at velocity βd relative
to the shock front, while the upstream is incoming at velocity βu. In the upstream
rest frame (c), the downstream plasma moves at velocity βrel, while the shock front
moves at βsh = −βu. Note that the extension of the precursor is reduced by the
Lorentz contraction in this rest frame, relative to the shock rest frame. Finally, in
the downstream rest frame (a), the shock front moves away at velocity −βd, while
the usptream is moving at −βrel.
2.1 Shock jump conditions
In the case of a relativistic shock, it is convenient to derive these jump re-
lations in the shock front frame by using the energy-momentum tensor Tµν
(e.g. Blandford and McKee 1976, Double et al. 2004). A word of caution
regarding notations: except otherwise noted, and except for proper quan-
tities such as density n, energy density e and pressure p or enthalpy h,
quantities will be expressed in the shock front rest frame; if expressed in
the upstream or downstream rest frames, these quantities will be indexed
with u or d respectively. Figure 1 illustrates the various frames used in this
text and the corresponding flow velocities.
Assuming a plane front and a normal coordinate x, the relations express
that the momentum flux T xx and the energy flux T
t
x keep the same values
upstream and downstream. The momentum flux conservation reads:
(ed + pd)u
2
d + pd = numc
2u2u , (1)
and the energy flux conservation reads:
(ed + pd)Γdud = numc
2Γuuu (2)
uu (resp. ud) denote the x−component of the upstream (resp. downstream)
plasma 4−velocity in the shock frame, with corresponding Lorentz factor
Γu (resp. Γd). To make contact with our notations above, the shock velocity
relative to the unshocked background plasma is of course βsh = −βu, with
associated Lorentz factor γsh =
(
1− β2sh
)−1/2
.
The above equations assume a cold upstream plasma. We introduce an
equation of state pd = wded for the downstream plasma; since the down-
stream plasma is relativistically hot, wd = 1/3. Note that this does not
require that the distribution function reflect thermal equilibrium, since this
ratio holds for any isotropic distribution for which most of the particles are
5ultra-relativistic; in particular the distribution function can be composed
of a thermal part with a high energy isotropized tail. One can generalize
the above equation of state to that of a plasma containing a magnetic com-
ponent set in the transverse directions to the shock normal (i.e. a magnetic
field lying in the shock front plane), carrying a fraction σd of the energy
density of the downstream plasma. Then,
wd =
1
3
1 + 3σd
1 + σd
. (3)
Now, the downstream velocity βd is obtained by solving the following alge-
braic equation derived from the two conservation equations:
β2d − (1 + wd)βuβd + wd = 0 . (4)
For β2u ≃ 1, corresponding to the ultra-relativistic limit, the two roots are
1 and wd. The downstream pressure of a strong relativistic shock is then
pd = (1− wd)γ2shnumc2 . (5)
From the mass flux conservation law, one derives easily that the apparent
density in the shock front frame is amplified by a factor w−1d , as measured
in the front rest-frame; however the Lorentz transform from the back-
ground plasma rest-frame to the shock front frame amplifies the proper
density by a factor γsh, while the Lorentz transform from the shock frame
to the downstream plasma rest-frame reduces the proper density by a factor
γd ≃ 3/(2
√
2) in the hydrodynamic limit σd ≪ 1. Thus the proper density
eventually suffers an amplification by a compression ratio corresponding to
the jump of the 4-velocity vector r ≡ uu/ud = 2
√
2γsh (the latter equality
applying to the hydrodynamical limit).
Combining this result with Eq. (5), one derives a mean energy per par-
ticle downstream of the shock of the order of ed/nd ≃ γrel, with γrel =
γuγd (1− βuβd) ≃ γsh/
√
2 the relative Lorentz factor between the up- and
downstream frames. Superthermal particles share this mean energy per par-
ticle of order γsh.
Let us consider now a mean field having some obliquity θB|u (measured
in the background frame). In the ideal magnetohydrodynamics (MHD) ap-
proximation, the normal (x−) component of the electric field that com-
pensates the electromotive force −βu × B vanishes and thus the normal
(x−) component Bx of the magnetic field remains unchanged in the shock
transition. In contrast, the transverse component of the electric field is con-
tinuous at the shock front, therefore βuBu,⊥ = βdBd,⊥, the ⊥ symbol
denoting the component transverse to the shock normal; B⊥ is thus ampli-
fied by a factor w−1d when crossing the shock front, in the shock front frame.
However, taking into account the Lorenz factors involved when transform-
ing from the flow co-moving frames to the front frame and vice-versa, the
global amplification of the transverse magnetic field component is by the
compression ratio r ≡ uu/ud = 2
√
2γsh as for the density.
62.2 Particle kinematics
Because of this tremendous amplification of the transverse component of the
magnetic field in ultra-relativistic shocks, relativistic shocks generically have
a “superluminal” configuration, which means that one cannot find a Lorentz
transform with a sub-luminal velocity along the shock surface that would
cancel the electric field and have the flow moving along the magnetic field
(the so-called de Hoffmann Teller frame, see de Hoffmann and Teller (1950)
as well as Begelman and Kirk (1990)). Consider indeed a frame moving at
the velocity βdHT along the direction of the projection Bu,⊥ on the shock
surface; then in order to cancel the electric field, one needs to boost to
a frame moving with a velocity βdHT such that E + βdHT × Bu,‖ = 0;
inserting E = −βu ×Bu,⊥, one obtains
βdHT = −βuBu,⊥
Bu,‖
= βshγsh tan θB,|u . (6)
Since βdHT must be smaller than one, the condition for having a Lorenz
transform which wipes out the electric field in the front is very restrictive,
because it requires
γsh sin θB,|u < 1 . (7)
When γsh sin θB,|u > 1, the intersection point of a field line on the shock
plane moves at a velocity larger than the velocity of light, hence the word
“super-luminal” for qualifying such a shock. Quite generically, ultra-relativistic
shocks are super-luminal and the matter flow always crosses the field lines
and experiences an electric field.
As for superthermal particles, if they cross the shock front from down-
stream to upstream, it means that the x−component of their 3−velocity
βx is positive in the shock front frame, or equivalently larger than βsh in
the background plasma rest frame. Thus, in this frame, the pitch angle α of
the superthermal particle motion with respect to the shock normal is such
that sinα < 1/γsh; the particle distribution of superthermal particles is ex-
tremely anisotropic in the rest frame of the background plasma, although
it can be considered as nearly isotropic in the shock rest frame.
The trajectory of superthermal particles upstream of the shock is a
crucial point in the theory of relativistic shocks, since its extension de-
termines the size of the precursor, which corresponds to that region in
which the superthermal and background populations intermix. To a good
approximation, one can consider that a superthermal particle, while travel-
ing upstream with momentum p|u, is caught up by the shock front once its
momentum is deflected by an angle & 1/γsh, because the x−component of
the particle 3−velocity then falls below βsh and the shock is trailing right
behind the particle. In the presence of an oblique background magnetic field,
this takes place on a timescale tu|u ≃ ω−1L,0/γsh, with ωL,0 ≡ eB|u/p|u the
gyrofrequency in the background field. Hence the extension of the precur-
sor (Achterberg et al. 2001, Milosavljevic´ and Nakar 2006, Pelletier et al.
2009):
ℓprec|u = (1− βsh) tu|u ≃
ω−1L,0
2γ3sh
(8)
7As B|u → 0, the size of the precursor becomes controlled by the scattering
of the superthermal particles in the self-generated turbulence; this case will
be discussed further on.
3 What is a Collisionless Relativistic Shock?
The concept of collisionless shock relies on the development of collective
effects, including the Landau effect, that control the dissipation process,
i.e. the transformation of the flux of kinetic energy through the generation
of several kinds of entropy. The main entropy generation is the formation of
a thermal distribution of ultra-relativistic temperature, with (proper) tem-
perature downstream Td ∼ γshmc2 (in units in which kB = 1) or merely
the isotropization of the distribution function, as mentioned previously in
the case of ultra-relativistic shocks.1 This isotropic distribution function
can contain a superthermal component in the form of a quasi-power-law
tail; this is what is expected for the generation of very high energy particles
in astrophysics to account for gamma-ray radiation, for the production of
very high energy cosmic rays, especially ultra-high energy cosmic rays, or
even high energy neutrinos. The generation of a superthermal tail does not
require more energy, of course; for a given global energy budget, a frac-
tion of the incoming energy is transferred into the pressure of a cosmic ray
component corresponding to a significant fraction of the thermal pressure:
Pcr = ξcrγ
2
shnumc
2 . (9)
Note that the above equation neglects factors of order unity (see in partic-
ular Eq. 5). Typically a conversion factor ξcr of order 10 percent is found
in numerical simulations and is expected to account for the observations.
Such particle acceleration cannot occur without the excitation of some
electromagnetic turbulence that also takes a significant fraction of the in-
coming energy:
Wem = ξBγ
2
shnumc
2 . (10)
How this turbulent component is generated will be discussed in Sec. 4. Of
course a preexisting mean magnetic field or background turbulence may be
present in addition to self-generated turbulence.
In the next section we describe two limiting cases: that of a magne-
tized shock with a strong mean ambient field, and a weakly magnetized
shock where the self-generated turbulence dominates the mean field. We
then present a general phase diagram for the physics of these relativistic
collisionless shock waves and discuss the consequences for Fermi accelera-
tion.
1 Of course shocks do not have to be ultra-relativistic and can have any supersonic
speed . c. This is a critical aspect of gamma-ray burst afterglows where the jet
shock slows from ultra-relativistic to trans-relativistic to non-relativistic speeds.
Trans-relativistic shocks are difficult to describe analytically but can be treated
directly with PIC or Monte Carlo techniques.
83.1 With a mean field
Early work on the theory and simulation of a relativistic shock with a
transverse mean field in pair plasmas, with an obvious application to the
termination shock of Pulsar Wind Nebulae, was worked out by J. Arons
and collaborators in several steps (Alsop and Arons 1988, Hoshino et al.
1992, Gallant and Arons 1994) (see also Kennel and Coroniti 1984). In this
1-D simulation, the incoming pair plasma is partially reflected back at a
magnetic barrier, which is formed as the transverse magnetic field is com-
pressed in the slow-down of the flow. A fraction of the incoming plasma
is transmitted whereas a significant fraction is reflected making two oppo-
site loops in phase space that end up in the downstream flow, producing a
synchrotron resonant electromagnetic field that propagates both forwards
and backwards in the form of an extraordinary mode. The backward mode,
because of its compressive nature, heats the downstream flow.
When the flow is composed of protons and electrons, the intense coherent
forward wave produces, through a ponderomotive force, an electrostatic
wake of large amplitude, that brings the incoming electrons to a relativistic
temperature up to equipartition with the protons. This eventually quenches
the formation of the electrostatic wake by the ponderomotive force, which
is proportional to q2/m, once the relativistic mass of the electrons reaches
that of the proton. Once electrons have been heated to near equipartition
with the protons, the formation of the shock becomes similar to the case of
a pair plasma.
This scenario depends on a crucial parameter called “magnetization,”
which is defined as the ratio of the flux of magnetic energy across the shock
to the flux of incoming matter energy:
σ ≡ B
2
⊥/4π
γ2shnumc
2
. (11)
Note that B⊥ is defined in the shock frame, following our notation con-
vention. The magnetization parameter is sometimes defined relative to the
incoming kinetic energy γsh (γsh − 1)numc2, but in the ultra-relativistic
limit γsh ≫ 1, these two definitions are equivalent.
Apart from the angular dependence, σ depends essentially on the mag-
netization of the ambient plasma, since B⊥ = γshB⊥|u. In the typical inter-
stellar medium, σ ∼ 10−9, thus a ultra-relativistic shock in the interstellar
medium corresponds to a very low magnetization.
3.2 Weakly magnetized shocks
In this subsection, we indicate the requirement for producing micro-turbulence
in a weakly magnetized plasma. At very low magnetization, a self-consistent
process develops such that a fraction of incoming particles is reflected back
into the upstream region. These reflected particles trigger some form of
streaming instability which generates precursor electromagnetic turbulence
9which eventually produces enough scattering to reflect particles back to the
subshock.
Recall indeed from the previous section that particles that outrun the
shock form a beam with opening angle ≃ 1/γsh in the rest frame of the
background plasma. Such a configuration is prone to beam-plasma insta-
bilities.
The shock thus behaves as a self-sustaining self-generating structure.
Moreover this process can allow for the development of a superthermal tail,
which expands the size of the precursor (which increases as some power of
gyroradius rg, hence of particle energy). In this description, superthermal
particles originate from shock-reflected particles; since both populations
share a common mean energy per particle of γsh, we will not distinguish
one from the other in the following and we will use “returning particles” or
“superthermal particles” interchangeably.
Consider a streaming instability, triggered by the beam of returning par-
ticles, with a growth rate ginst|u defined in the rest frame of the background
plasma. In the present situation, an instability is relevant only if its growth
time is shorter than the time spent by the background plasma in the shock
precursor. Assume also that, although weak, the background magnetic field
nevertheless sets the size of the precursor: ℓprec|u ∼ ω−1L,0/γ3sh. Therefore a
streaming instability emerges as a good candidate for generating turbulence
in the precursor if its growth rate is such that
ginst|u > γshωc , (12)
where ωc = eB|u/mc is the cyclotron frequency of the background plasma;
the above uses ωL,0 = ωc/γ
2
sh since p|u ≃ γ2shmc for a superthermal particle
in the background plasma rest frame. This is a severe constraint at a rela-
tivistic shock; expressed for a proton plasma as a function of magnetization,
this constraint becomes:
σ < γ−2sh
g2
inst|u
ω2pi
(13)
with ωpi ≡
(
4πnue
2/mp
)1/2
. The process not only requires a very low
magnetization, it also requires instabilities that work on micro-physical
scales since the criterium (12) excludes slower MHD dynamics. This lat-
ter criterium is the essential reason for which the phenomenology of ultra-
relativistic shocks displaying intense magnetic fields and superthermal tails,
like the termination shocks of gamma-ray bursts and pulsar wind nebulae,
unavoidably requires a micro-physical description.
3.3 Classification in term of the magnetization. Phase diagram
In this subsection, we present the micro-instabilities that are possible candi-
dates for the generation of the magnetic turbulence. The maximum growth
rates of standard beam-plasma instabilities are (within a factor of order
unity) (ω2pbωep/γ
2
b|u)
1/3 for the electrostatic two stream instability (γb|u
10
represents the typical Lorentz factor of the beam of superthermal parti-
cles in the upstream plasma frame, see below), (ω2pbωep)
1/3 for the oblique
two-stream instability, and ωpb for the Weibel instability, where ωpb is the
(relativistic) plasma frequency of the beam of returning particles:
ωpb =
(
4πncr|ue
2
γbm
)1/2
(14)
and ωep represents the electron plasma frequency of the background plasma.
Using Eq. (9) with ncr|u = γshPcr/
(
γshmc
2
)
, and γb|u ≃ γ2sh, one finds
ωpb ≃
√
ξcrωp, where the conversion parameter ξcr is defined by relation
(9) and ωp is the electron plasma frequency ωpe in a pair plasma, or ωpi in
a proton electron plasma.
Note that a growth time scale of the order of ω−1pi can be compatible
with condition (12) if the magnetization is low enough, but not the proton
cyclotron time ω−1ci . A detailed analysis reveals that the only magnetized
waves which could be excited are the electron whistler waves (Lemoine and Pelletier
2010).
The two stream instability and the oblique two stream instability grow
through a Cˇerenkov resonance of the electrostatic (Langmuir) wave with
the background electrons. When the background electrons are heated to
relativistic temperature, the electrostatic waves become superluminal and
thus these instabilities are quenched by resonance suppression (Bret 2009,
Lemoine and Pelletier 2011, Shaisultanov et al. 2012). Nevertheless, the oblique
two stream instability certainly plays an important role at the beginning of
the precursor by heating the background electrons.
A phase diagram involving the two parameters σ and γsh can be drawn
to delimit the region in which micro-turbulence can be self-generated. For
the most often discussed instability, namely the filamentation/Weibel in-
stability, the criterion is simple: γ2shσ < ξcr. This limit is a first order ap-
proximation to the development of Weibel-like turbulence in the precursor
of relativistic shocks; in the following, we show that a refined description
of the physics of the precursor introduces a “buffer effect” which modifies
somewhat this limit at moderate magnetization.
3.4 Fermi acceleration
Similarly to what has been proposed for non-relativistic shocks, relativistic
shocks can develop a superthermal tail thanks to the Fermi process. Indeed
the excitation of magnetic turbulence that extends in the precursor and
is also transmitted to the downstream flow allows for fast scattering of
superthermal particles that can cross the shock front back and forth and
thus gain energy. However at relativistic shocks, the Fermi process has some
specific features.
We assume that the magnetic disturbances that scatter particles are
almost frozen in the plasma flow both upstream and downstream (this
will turn out to be true with Weibel turbulence). The particle energy gain
11
Fig. 2 Phase diagram of relativistic shocks (γsh ≥ 10) in the plane (γsh, σ). The
dotted diagonal line delimits from above the region in which the filamentation
instability can grow in the background plasma on a precursor crossing timescale, in
the absence of plasma slow-down. In the presence of a background magnetic field,
the background plasma is slowed down as it enters the precursor (see Sec. 4.1), hence
the filamentation instability can grow in all of region 3. The dashed horizontal line
delimits from above the region in which the scattering in the micro-turbulence is
sufficiently strong to allow Fermi acceleration, see Sec. 3.4. In region 1, the shock
forms through the reflection on the compressed background magnetic field; at lower
magnetizations, the shock forms through the build-up of a microturbulent magnetic
barrier. The dominant instabilities are: filamentation in region 5, filamentation and
current-driven instability (see Sec. 4.1) in region 3, and the current driven instability
in region 2.
through the Fermi process depends on the relative velocity βrel between the
upstream and downstream flows. Let a particle, having a pitch angle cosine
µ1 before scattering, cross the shock front, be scattered and come back with
a pitch angle cosine µ2. Its energy gain is
G =
1− βrelµ1
1− βrelµ2 . (15)
As defined above, µ1 and µ2 are expressed in the upstream rest frame and
βrel represents the velocity of the downstream plasma relative to the up-
stream frame; changing the sign convention for βrel, one would obtain the
same formula with µ1 and µ2 now both expressed in the downstream rest
frame. In equation (15), and for the following discussion, it is implicitly
assumed that the shock is unmodified by Fermi acceleration with a discon-
tinuous jump between the upstream and downstream regions.
Choosing the downstream reference frame, βrel ≃ 1 − 1/γ2sh and the
pitch angle cosine of a particle crossing the front towards downstream has
−1 < µ1 < βsh; a particle coming back from downstream to upstream has
βsh < µ2 < 1.
12
The average energy gain can be calculated easily in the case of non-
relativistic shocks only, because the distribution functions are almost isotropic
and µ1 and µ2 independent; one then finds:
〈G〉 =
(
1 +
2
3
|βrel|
)2
. (16)
Moreover, because of the almost isotropic distributions, the probability of
escape through advection in the downstream plasma can also be easily
estimated: Pesc = 4 |βd|. The index of the power law distribution dN/dp ∝
p−s is then obtained as Bell (1978):
s = 1− ln (1− Pesc)
ln〈G〉 ≃ 1 + 3
∣∣∣∣ βdβrel
∣∣∣∣ , (17)
i.e. s = 2 for the strong adiabatic shock where |βrel| = 3 |βd|.
For relativistic shocks, the strong anisotropy of the distribution func-
tions makes these calculations more complicated, (e.g. Ellison et al. 1990a,
Gallant and Achterberg 1999, Kirk et al. 2000, Achterberg et al. 2001) see
however Vietri (2003), Lemoine and Pelletier (2003), or Keshet and Waxman
(2005) for an alternative point of view. If one were to consider a random in-
cident pitch angle cosine µ1, then µ2 ≃ 1−O(1/γ2sh) would imply 〈G〉 ∼ γ2sh.
However, this maximum limit can only be achieved for particles crossing
from downstream to upstream for the first time. Indeed, particles partici-
pating in a further Fermi cycle are caught up by the front upstream with
µ1 ≃ 1 − O(1/γ2sh) so that the gain falls to a few only; precisely it is
always close to 2 after the first Fermi cycle (e.g. Achterberg et al. 2001,
Lemoine and Pelletier 2003).
The index can be defined through the equation
〈1− Pesc(µ2)〉〈G(µ1, µ2)s−1〉 = 1 , (18)
and because G remains close to 2 at each cycle, the index turns out to be
close to
s ≃ 1− ln (1− Pesc)
ln〈G〉 . (19)
The numerical estimate is 1−Pesc ≃ 0.4 leading to s ≃ 2.3. An illustration
of the spectrum of accelerated particles for an unmagnetized, unmodified
shock with γsh = 100 is shown in Fig. 3.
As we describe in Sec. 6, basic requirements of energy and momen-
tum conservation mean the test-particle power law shown in Fig. 3 will be
modified to some extent if shocks accelerate cosmic rays efficiently. If the
scattering mean free path is an increasing function of particle momentum
as expected, the accelerated spectrum will obtain a concave shape being
harder at high energies before a turnover produced by finite shock effects.
In addition, if the shock is sweeping up non-relativistic matter, such
as the ISM, the injection of highly anisotropic thermal particles must be
described consistently with CR production. Currently, the only techniques
that can handle thermal particle injection and efficient non-linear CR pro-
duction in relativistic shocks are PIC simulations and Monte Carlo tech-
niques, described in greater detail in Sec. 6.
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Fig. 3 Spectrum of superthermal particles as collected far downstream (thick line)
for γsh = 100, obtained from a test-particle Monte Carlo simulation, assuming
isotropic scattering both upstream and downstream of the shock, as in an unmag-
netized shock (Lemoine and Pelletier 2003). The thin lines indicate the populations
of particles that have experienced 0, 1, . . . Fermi cycles through the shock: as the
number of cycles increases, so does the mean energy of the population, but with a
smaller number of particles due to the finite Pesc.
4 Physics of the precursor
The main physical processes that develop in the precursor of a relativistic
collisionless shock undergoing Fermi acceleration are the following:
(i) The incoming precursor plasma slows before the sharp transition at
the viscous subshock due to transverse currents. This occurs with ordered
or disordered magnetic fields for both pair and ionic plasmas and produces
an important buffer effect in the precursor where a highly relativistic shock
far upstream turns into a mildly relativistic one deep in the precursor, close
to the shock front. If Fermi acceleration is efficient the backpressure of
accelerated particles produces an additional shock modification forced by
conservation of energy and momentum.
(ii) We argue that the Weibel/filamentation instability is the dominant
generator of precursor magnetic turbulence; this instability does not quench
when the electrons are heated to relativistic temperatures, but it saturates
when the beam dispersion becomes too large.
(iii) Then we develop the important concept of the Weibel frame for
both pair and ionic plasmas. This is the frame where the turbulence is
purely magnetic and where particles undergo a simple pitch-angle scattering
process.
(iv) We discuss the crucial heating process of background electrons and
relate it to the drag force experience by the background particles.
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(v) We discuss some aspects of the non-linear theory for the formation
of the filaments.
(vi) We then return to the physics of particle scattering in Weibel tur-
bulence and derive it from the the theory of Hamiltonian chaos (the details
are given in App. A.1).
4.1 Dynamics in the precursor with a mean field; buffer effect
The slow-down of the incoming plasma with respect to the shock front will
be analyzed in a dedicated Section 4.5 for the case of an unmagnetized
plasma. In this section we examine the simpler case of the slow-down due
to a transverse mean field.
4.1.1 The case of a pair plasma
Consider first the beam of returning particles. Because of the transverse
mean magnetic field (aligned say along z), electrons and positrons are de-
flected in opposite directions (along y) during their orbit around B and thus
a current transverse to the shock normal and to the mean field is generated,
with density jb = ncrec (measured here in the front frame). One can show
that this current is compensated to an excellent accuracy and on a short
timescale by a current carried by the incoming background plasma, once it
enters the precursor. As the density of this background current density can
be written jbg = γshnueβyc in the front frame, with ncr = ξcrγshnu, one
infers a transverse velocity βy ≃ ξcr (Lemoine et al. 2014b,a).
The main slow-down effect on the incoming plasma is due to the devi-
ation of background electrons and positrons due to the development of the
compensating current. Indeed, one can show that the total Lorentz factor of
the background plasma is conserved, while the development of a transverse
velocity ±ξcr for electrons/positrons implies that the center-of-mass of the
background plasma moves solely along x with a Lorentz factor:
γcm =
γsh
(1 + ξ2crγ
2
sh)
1/2
. (20)
Thus any shock front of Lorentz factor larger than 1/ξcr produces a decel-
eration of the incoming plasma such that the center of mass moves with
a Lorentz factor 1/ξcr. This is a crucial buffer effect that transforms any
ultra-relativistic shock into a mildly one in its precursor from the point of
view of the growth of instabilities.
As discussed in Lemoine et al. (2014b,a), this modification of the motion
of the center-of-mass indeed modifies the criterion for the growth of instabil-
ities in the precursor of a shock, due to time dilation effects. One can show
in particular that the Weibel instability can now grow provided σ < ξ3cr,
independently of the shock Lorentz factor, as illustrated in Fig. 2. More-
over, the above configuration of a compensated transverse current turns
out to be unstable on a short timescale, leading to the growth of a current-
driven filamentation instability with growth rate ∼ ωpe, i.e. faster than the
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Weibel/filamentation rate. This latter instability can thus grow provided
σ < ξ2cr at any value of the shock Lorentz factor, thereby bridging the gap
between weakly and moderately/strongly magnetized shock waves.
4.1.2 The case of an electron-ion shock
We consider first an electron-ion plasma where electrons have been rapidly
heated to a relativistic temperature of order mpc
2 (this heating will be
explored in a next section). Their inertia is thus comparable to that of the
protons, so that a significant fraction of the electrons is reflected back on
the shock front along with protons, leading to a charge neutral beam of
returning particles. In such a case, the situation is similar to the case of
a pair plasma discussed above. If the electrons are relativistically hot, but
below equipartition with the protons, i.e. Te = ξthmpc
2 with ξth > me/mp,
one can recover similar results, as will be presented elsewhere.
If the population of incoming electrons remains cold because the pre-
cursor is too short, then electrons are not reflected back and the beam of
returning current carries a net electric charge ρcr = ξcrγshnue (front frame).
As the background plasma compensates this electric charge, a force den-
sity develops along the y-direction, transverse to the shock normal and to
the mean field B; in the relativistic MHD approximation, this force density
reads:
fy = −ρcrEy ∼ βshξcrnuγsheB . (21)
The above equation uses a zero current density along x, which is guaranteed
by the assumption of one-dimensional stationary dynamics in the shock
front frame. The work of this force over the length of a Larmor gyration
is ξcrβshγ
2
shnumpc
2. Thus protons are deviated in the transverse direction
with a velocity ξcr and the bulk motion is diminished as previously.
4.2 Weibel turbulence
Because the mean magnetic field must be very weak and the growth of the
instability faster than the cyclotron frequency of electrons in a pair plasma,
or of protons in a protonic plasma, the expected turbulence must be excited
by a fast micro-instability on short length scales. The typical scale must be
at most the inertial scale of protons: δi ≡ c/ωpi; MHD develops at larger
scales than this inertial scale.
The Weibel instability, which oversteps the other streaming instabilities
and survives to electron heating, is mostly an electromagnetic instability
with a very low phase velocity, and thus produces slowly propagating mag-
netic turbulence, quite suitable for particle scattering and thus for a Fermi
process. The mechanism of the instability is simple: the beam of returning
particles is supposed to be charge neutralized, although when a transverse
magnetic wave has been produced, its quiver force separates electric charges;
this generates an intense electric current, which in turn amplifies the pri-
mary magnetic wave; then it blows up (see e.g. Medvedev and Loeb 1999,
Wiersma and Achterberg 2004, Lyubarsky and Eichler 2006, Milosavljevic´ and Nakar
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Fig. 4 Development of the Weibel/filamentation instability in the precursor of a
relativistic shock: as the background plasma enters the precursor defined by the
region in which superthermal particles exist, the interpenetration of the two popu-
lations develops a filamentation instability: a transverse magnetic fluctuation of the
background plasma leads to charge separation in this population, forming current
filaments at the nodes of the fluctuation, which then feeds back positively on the
fluctuation. See text for details.
2006, Achterberg and Wiersma 2007, Achterberg et al. 2007). Its growth
rate is fast, of the order of ωpb, with respect to the background frame, and
the instability is purely growing in this frame with a weak electrostatic
component. A sketch of the mechanism of this instability in the precursor
of a relativistic shock is presented in Fig. 4.
We already mentioned that relativistically hot electrons do not quench
this Weibel instability (to be discussed shortly); however a large angular
dispersion of the beam can stabilize the Weibel instability, as discussed e.g.
in Rabinak et al. (2011), Lemoine and Pelletier (2011). A simple descrip-
tion of that saturation effect by the beam dispersion consists in treating the
transverse dispersion of the beam as a temperature effect; this introduces
an effective sound velocity β∗c ∼ c/γsh, see Eq. (69), which modifies the
hydrodynamic response of the beam fluid to the quiver force that separates
opposite charges. The instability then disappears (in this fluid description)
when ℑω . β∗ωp, i.e. when γsh becomes smaller than 1/ξ1/2cr . A more
detailed analysis with some consequences of this saturation effect will be
addressed in a forthcoming paper.
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4.3 The Weibel frame in a pair plasma
For the estimation of the efficiency of scattering and thus of the Fermi pro-
cess, and also for estimating the radiation efficiency of an ultra-relativistic
shock, it is very important to know what is the proper frame of Weibel
turbulence.
The Weibel frame is defined as the frame where the electrostatic poten-
tial vanishes. Its determination is detailed in App. A.1, where it is shown
that it propagates at the speed ξcr with respect to the background plasma.
This has two important consequences, namely that the high energy re-
turning particles are scattered with respect to that frame and that the
background plasma suffers a drag force which slow it down and heats the
electrons. The Weibel frame is the suitable frame to calculate the growth
rate of the instability, which is purely magnetic and purely growing, since
the charge separation in the beam is exactly compensated by an opposite
charge separation in the background plasma.
In the front frame, a strong electrostatic potential δΦ is set-up; its mag-
nitude can be determined by the Lorentz transform from the Weibel frame
to the front frame: δΦ = γwβwδAx|w, defining βw (resp. γw) as the velocity
(resp. Lorentz factor) of the frame in which δΦ vanishes, relatively to the
shock front frame. Similarly, the x−component of the magnetic potential
reads δAx = γwδAx|w, so that δΦ = βwδAx ≃ −βshδAx. In the front
frame, there must be a net total electric charge density fluctuation δρ, also
determined through a Lorentz transform: δρ = γwβwδjx|w/c; the net current
density fluctuation is δjx = γwδjx|w so that δρ ≃ −βshδjx/c. It is assumed
here that in the Weibel frame, the total charge density perturbation δρ|w
vanishes. The Maxwell equation that determines the electromagnetic field
as a function of the current density, namely ∆δAx = −4πjx/c, is then the
same as the Poisson relation between the electrostatic potential and the
electric charge.
To conclude this section on the Weibel instability in a pair shock, let
us show that it is quite convenient to calculate the growth rate of the
Weibel instability in the Weibel frame. Indeed in this frame δΦ|w = 0
and δρtot|w = 0, which allows one to write two simple coupled equations to
derive the instability growth rate in the cold approximation. Switching over
to Fourier space, assuming kx = 0 as before, we insert δρb|w = −δρbg|w
and βbg|w = −ξcr in the dynamical equation ∂α∂αδAµ = −4πδjµ and in
the background dynamical equation, to obtain:
(−ω2 + ω2p + k2⊥c2)δAx|w ≃ −4πβb|wc2δρbg|w
ω2δρbg|w = ξcr
ω2p
4π
k2⊥δAx|w . (22)
The plasma frequency of the background plasma emerges in the first equa-
tion because of the response of the conduction current to the electromag-
netic perturbation. In details:
δjx =
∑
α
ραδβxα + βαδρα (23)
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and the conduction current density perturbation ραδβxα is obtained through
the dynamical equation for δβxα:
ραδβxα = −
ω2pα
4πγ2α
δAx . (24)
The strong dependence on γα justifies the neglect of the conduction response
of the beam of superthermal particles; furthermore, in the Weibel frame,
γbg|w ≃ 1.
One thus derives the dispersion relation to leading order in ω/kc:
ω2 = −ξcrβb|wω2p
k2⊥c
2
ω2p + k
2
⊥c
2
. (25)
This is a purely growing magnetic mode. If we take into account the case
kx 6= 0, two modifications are introduced: a complete Laplacian operator
in the Maxwell equation and a Doppler effect in the dynamical equation of
the background plasma, with ∂2t 7→ (∂t − ξcrc∂x)2 which leads to a simple
modification of the dispersion equation:
(ω + ξcrkxc)
2 = −ξcrβb|wω2p
k2⊥c
2
ω2p + k
2c2
. (26)
The growth rate is invariant by parity; thus in the Weibel frame, forward
and backward waves propagate with a frequency ξcrkxc with the same
growth rate. A strong Doppler effect is produced in the front frame, so
that both forward and backward waves are caught up by the shock front.
4.4 The Weibel instability in an electron-ion shock
We now assume a plasma made of protons and hot electrons and extend the
calculations to include the Landau effects in the electromagnetic response.
The detailed calculations are presented in App. A.2.
As for the pair shock, one can derive the velocity of the Weibel frame
by analyzing the generation of electric charge by the quiver force, tak-
ing into account the susceptibilities of the various plasma components.
To circumvent the technical difficulty associated with the Lorentz trans-
form of these susceptibilities from one frame to another, it is more con-
venient to rely on a Lorentz covariant formulation of linear response the-
ory, as formulated by Melrose (1986) and Achterberg and Wiersma (2007),
which involves the polarization tensor of species s αµs,ν defined through
δjµs = α
µ
s,νδA
ν . The combination of Maxwell equations in the Lorentz
gauge, namely ∂µ∂
µδAν = −∑s δjνs and of the above response then leads
to the definition of the Weibel frame as that in which
∑
s
α01s = 0 . (27)
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The calculations of α01s in a generic frame, for streaming hot electrons,
are too lengthy to be reported here; these calculations will be presented
elsewhere. Nevertheless, one obtains the same result as before, βw|u ∼ ξcr.
The concept of Weibel frame is essential in the prospect of particle
acceleration and radiation, since this is the frame in which particles are
purely scattered (at least almost, for there is an induction electric field
significantly smaller than the magnetic field). The conclusion of this section
is that particles are scattered by the magnetic field of Weibel turbulence
with respect to a frame moving forward at sub-relativistic speed (∼ ξcr)
with respect to the background plasma.
4.5 Electron heating and the drag force
Electrons of the background plasma can be heated through two possible
electric fields generated by the Weibel instability: one is the strong motional
electrostatic field measured in the front frame due to the Lorenz transform,
oriented both perpendicular to the magnetic field fluctuation and to the
shock normal; the other is the induction electric field, which derives from
the growth of the magnetic field energy density, and which is significant
during the stage of instability growth.
The electrostatic field δE⊥ is associated with a potential fluctuation
which has been obtained in the front frame through a Lorentz transform:
δΦ = βwδAx. The heating due to this field is caused by the scattering of
electrons in the Weibel frame, which leads to a kind of second order Fermi
process in the front frame, because a variation of x−momentum in the
Weibel frame produces a variation of energy in the front frame. This is the
strongest electric field when measured in the front frame with δE⊥ ∼ δB.
In the Weibel frame, the inductive electric field derives from:
δEx|w ≡ −
1
c
∂tδAx|w ∼
ginst|w
ωpi
B|w . (28)
Therefore δE2x ∼ ξcrδE2⊥ in the front frame and ξcr < 1; this inductive elec-
tric field nonetheless provides an efficient source of heating (Gedalin et al.
2012).
4.5.1 Scattering and heating in the electrostatic field
In a first approximation, background electrons are scattered by a static mag-
netic field in the Weibel frame that moves at speed βw|u ≃ ξcr with respect
to the background frame. Therefore, in the background frame, their tem-
perature increases and they suffer a drag force. Because their energy does
not change during scattering in the Weibel frame (as long as one neglects
the induction field effect), they suffer a modification of their x−momentum
∆px|u and energy ∆ǫ|u in the background frame.
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Together with ∆ǫ|w = 0, the Lorentz transform ∆ǫ|w = γw|u(∆ǫ|u −
βwc∆px|u) provides an essential relation between energy gain and momen-
tum variation:
∆ǫ|u = βw|uc∆px|u . (29)
The stochastic force∆px|u/∆t|u, after statistical averaging, leads to a macro-
scopic drag force Fd|u and the distribution of background electrons, isotropic
in its rest-frame, gets heated at a rate (background frame):
kT˙ =
1
3
βw|ucFd|u . (30)
The drag force is best evaluated in the Weibel frame through a Fokker-
Planck term:
Fd|w =
1
n
∂
(
n〈∆px|w〉
)
∂t
=
∫
d3p|w px|w
∂
∂pi|w
Dij
∂
∂pj|w
f(p|w) (31)
with a momentum diffusion coefficient of the form
Dij = e
2 < δB2⊥ > τc|wh
⊥
ij (32)
with h⊥ij = δij − pi|wpj|w/p2|w the projector orthogonal to momentum. The
timescale τc|w represents the coherence timescale of the random force asso-
ciated to the Weibel turbulence. Using the Lorentz invariance of f and the
fact that f depends only on ǫ|u/T in the background frame, one can derive
Fd|w ∼
βw|uc
kT
e2 < δB2⊥ > τc|w (33)
up to a prefactor of order unity.
Using the above, we can estimate the temperature that can be achieved
and the slow-down of the background flow that ensues. As discussed fur-
ther below – see Eq. 45 in particular– the precursor length is approximately
δi/ξB, as measured in the background rest-frame, and therefore the back-
ground plasma experiences the drag force for a duration ξ−1B ω
−1
pi . The tem-
perature achieved is then roughly of order
ξth ∼
(
ξ2cre
2 < δB2⊥ > τc|wc
2
m2pc
4ξBωpi
)1/2
∼ ξcr
(
τc|wωpi
)1/2
. (34)
In the background frame, the dragging effect is seen as a force that pushes
the plasma forward, with an intensity Fd|u = Fd|w. Over the precursor
crossing timescale, the upstream plasma is displaced in energy by
∆γ ≃ Fdδi
mpcξB
∼ (τc|wωpi)1/2 (35)
indicating that in the front frame, the variation in momentum is of order
unity if τc|wωpi ∼ 1.
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Therefore this scattering process acting on the background plasma is
able to slow-down the whole incoming plasma, with possible consequences
regarding the saturation of the Weibel instability in regards of the angular
dispersion of the beam.
A more complete calculation should take into account the spatial pro-
files of the various quantities in a dynamical system; however the former
estimates provide useful orders of magnitude regarding heating and slow
down.
4.5.2 Heating in the inductive electric field
The induction field acts during the phase of instability growth and its heat-
ing effect can be estimated with quasi-linear theory which leads to (in the
Weibel frame)
nT˙ ≃
∫
d3p|w ǫ|w
∂
∂px|w
Γxx
∂
∂px|w
f(px|w) (36)
with Γxx ≃ (ginst|wωpi)2e2 < δB2⊥ > τc|w. The heating rate is thus a factor
ω−1pi ginst|w/ξcr times that in the stochastic electrostatic field; in the cold
plasma limit, both are comparable because ginst|w ∼ ξcrωpi, but at larger
temperatures, heating in the inductive field is slightly larger. However, this
heating process in the inductive field only applies to the linear growth
phase; it is much reduced in the non-linear phase. Overall, one thus expects
to reach a scaling given by Eq. (34).
One can also estimate the electron temperature from the phenomenology
of the relativistic regime of oscillations in very intense fields: Te ∼ eBℓc.
The typical transverse scale of turbulence is the electron Debye length:
ℓc = λD = ξ
1/2
th δi in the hot electron regime. Then we get another estimate
compatible with the previous one:
ξth ∼ ξB or nT ∼ B
2
4π
. (37)
This is a remarkable result that suggests that the thermal energy density
follows the magnetic energy density and that confinement structures can
occur in the background plasma.
4.5.3 Weibel filaments
The above relation suggests that heating of the background plasma ensures
that the thermal pressure inside the filaments counterbalance the magnetic
stress. It is important here to note that the filaments are built out of the
background plasma, not by filamentation of the beam of returning particles,
as is often thought. Indeed, the transverse momentum of these particles
in the background plasma frame is of the order of γshmc, which is too
large to allow them to be confined in structures of transverse size δi, since
eδB|uδi ∼ ξ1/2B mc2.
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The filaments observed in PIC simulations are thus real, but they form
in the background plasma. This is tightly related to the fact that the back-
ground plasma moves at a velocity −βw|u with respect to the magnetic
field. These filaments are some sort of coherent structures of a quasi bi-
dimensional turbulence, where inverse cascade develops.
One can derive the general structure of these filaments in the trans-
verse plane by considering the inhomogeneous equilibrium of the back-
ground plasma in the presence of a finiteAx component (background plasma
frame). Using a non-relativistic description, appropriate to the transverse
dynamics, one finds from the force balance in the transverse direction:
∇⊥
{
1
2
mv2 + T ln
(n±
n¯
)
+ qξcrAx
}
= 0 . (38)
The possibly residual kinetic energy EK = mv
2/2 is in the form of irrota-
tional motions, the Lorenz driving being irrotational. One obtains Boltz-
mann type equilibria, assuming the same temperature for both populations
of particles:
n = n¯ exp [−(EK + ξcrqAx)/T ] . (39)
In a pair plasma, one gets a charge separation such that
(n+ − n−)e = −2n0e exp (−EK/T ) sinh(ξcreAx/T ) . (40)
Because in motion of velocity −ξcr with respect to the Weibel frame, its
associated current generates a magnetic field such that:
∆⊥Ax = −8πn¯eξcr exp (−EK/T ) sinh (ξcreAx/T ) . (41)
Defining a ≡ ξcreAx/T , we obtain a sinh-Poisson equation, whose analyt-
ical solutions are known:
∆⊥a = − ξ
2
cr
λ2D
exp (−EK/T ) sinh a . (42)
The solutions of that equation are known to be in the form of a double
lattice of filaments of alternating polarity. The size of the filaments appears
clearly as λ = λD/ξcr =
√
ξth/ξcrδi. This estimate does not account for the
kinetic energy contribution that increases the Debye length. However its
contribution is expected to remain not larger than ξcreBλ ∼ |a|T , which is
also the estimate of the achieved temperature. In a pair plasma that energy
is sub-relativistic.
In the case of an electron-ion plasma, the solution are similar if the
kinetic energy is negligible. Otherwise, it breaks the symmetry by giving
more importance to the electron contribution. In that case instead of a sinh-
Poisson equation, the filaments are described by a Poincare´ equation, whose
solutions are of Bennett equilibrium type with all the filaments having the
same polarity and thus undergoing more merging than in the sinh-Poisson
case:
∆⊥a = − ξ
2
cr
λ2D
ea . (43)
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4.6 Scattering off Weibel turbulence
The size of the precursor is determined by the residence time of returning
particles. As mentioned earlier, and as seen from the background frame,
they are outrun by the shock front when their pitch angle has opened up
to 1/γs due to a scattering at a frequency νs such that:
νs ∼
e2〈δB2|u〉τc|u
γ2
b|um
2c2
. (44)
The Lorentz factor of beam particles in the background plasma rest frame
γb|u ≃ γ2sh. The above estimate derives from a random phase approximation
(Milosavljevic´ and Nakar 2006, Pelletier et al. 2009) and turns out to be
valid even with a more elaborated method based on Hamiltonian chaos,
described in App. A.3.
Measured from the background frame one obtains:
ℓprec|u ∼ c
γ2shνs
(1− βsh) ∼ ω−1pi ξ−1B (45)
assuming that τc|u ∼ ω−1pi . Thus the travel time of the background plasma
across the precursor is about (ξBωpi)
−1, which is longer than the growth
time of the instability (
√
ξcrωpi)
−1, while the residence time of superthermal
particles of Lorentz factor γ|u in the precursor is of the order of
tres|u ∼ 2γ2shℓprec|u
(
γ|u
γb|u
)2
(46)
This residence directly controls the acceleration timescale, which thus scales
as the energy squared of the superthermal particle. This result has been
confirmed by PIC simulations (Sironi et al. 2013).
The value of the coherence time for the superthermal particles is not a
trivial issue, as mentioned in Achterberg et al. (2007). Indeed, in an ideal-
ized Weibel turbulence with kx = 0, the conjugate momentum px− eAx/c
is a conserved quantity of the particle trajectories. Since px ∼ γshmc while
eAx/c ∼ ξ1/2B γshmc in the front frame, the former largely dominates, hence
superthermal particles would never be able to go back to the shock if the
turbulence were exactly x−independent. Consequently, the finite kx must
play a key role in the transport of superthermal particles.
The general scaling of the residence time with energy ǫ, hence of the
acceleration timescale tacc ∝ ǫ2, has been obtained in the framework of a
random phase approximation model in Pelletier et al. (2009). Nevertheless,
one can also derive this scaling using a model of Hamiltonian chaos applied
to the trajectories of superthermal particles. This leads to a validation of the
scattering law in a more general situation than the random phase approxi-
mation. In App. A.3, we present a simple model of such chaotic dynamics;
a more complete model will be presented in a forthcoming publication.
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5 Phenomenological consequences
5.1 Scattering efficiency and maximal energy
5.1.1 Onset of acceleration
As discussed in Sec. 2.2, an oblique background magnetic field in the up-
stream becomes essentially transverse in the downstream flow, leading to
a super-luminal shock configuration. As discussed in Lemoine et al. (2006)
and Pelletier et al. (2009), such a configuration inhibits Fermi acceleration
unless the scattering frequency in the turbulence exceeds the gyrofrequency
in the background field (which controls the rate at which particles are ad-
vected in the downstream plasma). In Lemoine et al. (2006), it was actually
speculated that the development of Weibel micro-turbulence should lead to
an efficient Fermi process and this point of view has been confirmed by PIC
simulations.
For scattering in micro-turbulence in the downstream flow, the above
condition for the development of Fermi cycles can be written:
e2δB2|dτc|d
m2c2γ2
>
eB|d
mcγ
, (47)
with τc|d ∼ ω−1pi . Here γ denotes the Lorentz factor of the accelerated parti-
cle in the downstream frame; for the first Fermi cycle, γ ∼ γsh. The above
can be written in terms of the parameters σ and ξB as
√
σ < ξB . (48)
It thus indicates that only weakly magnetized shock waves should be able
to accelerate particles efficiently. For typical values ξB ∼ 10−2 in the vicin-
ity of the shock front, the above bound suggests that particle acceleration
should take place in shocks with σ . 10−4. This point of view, developed
in Lemoine et al. (2006) and Pelletier et al. (2009) (see also Niemiec et al.
(2006) for numerical simulations) has been beautifully confirmed by PIC
simulations, e.g. Sironi et al. (2013).
5.2 Maximal energies
The maximal energy that can be reached by the Fermi process in a shock of
a given size and age depends on several factors, in particular the scattering
rate [Eq. (44)], the energy loss or escape timescale, and the background
magnetic field. The above discussion indicates that in the front frame, the
upstream residence time typically dominates over the downstream residence
time; this effect arises because the upstream fluctuations move at high veloc-
ity relative to the front, while the downstream perturbations are essentially
static and isotropic in the shock front frame. However, as discussed in detail
by Plotnikov et al. (2013), the inclusion of a small but finite background
magnetic field changes the scale of the precursor.
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To simplify the discussion, one can use the downstream residence time
as a proxy for the acceleration timescale; one would obtain similar results
for a more careful calculation taking into account the effect of a background
magnetic field comparable to that of the interstellar medium and γsh ∼ 100,
representative of gamma-ray bursts external shocks.
One can then show that the maximal proton energy is of order 1016 eV
at the external shock of a gamma-ray bursts. In contrast, the maximum
electron energy is limited by synchrotron energy losses to values of the
order of 10TeV, independent of the magnetic field and shock Lorentz factor
(Kirk and Reville 2010, Plotnikov et al. 2013, Wang et al. 2013). This can
give rise to GeV synchrotron photons at early times ∼ 102 − 103 s, as
observed by the Fermi satellite in some gamma-ray bursts.
5.3 Radiative diagnostics
Weakly magnetized shocks, which are prone to Fermi acceleration, are those
in which intense micro-turbulence can be excited in the shock precursor by
streaming instabilities. The fate of this turbulence downstream of the shock,
on timescales≫ ω−1pi has been the subject of intense debate. The linear dis-
sipation rate of microturbulence is γk ≃ k3c3/ω2pi in a relativistic plasma
(e.g. Chang et al. 2008), a result which extends into the mildly non-linear
regime (Lemoine 2015a), suggesting that turbulence on scales ∼ ω−1pi is dis-
sipated on ω−1pi timescales. In contrast, the typical (comoving) size of the
blast of a gamma-ray burst is of the order of R/γsh ∼ 107 c/ωpi (for an
external density n = 1cm−3), orders of magnitude larger, and this length
scale gives the order of magnitude over which most electrons radiate their
energy through synchrotron radiation. An important question therefore is
whether Weibel turbulence, self-generated in the shock precursor, can sur-
vive over the above time/length scales in order to provide the turbulence
in which synchrotron photons are produced, see e.g. Medvedev and Loeb
(1999), Gruzinov and Waxman (1999), Chang et al. (2008), Keshet et al.
(2009), Lemoine (2013, 2015a,b) for discussions of this issue.
While additional instabilities or inverse cascade might potentially help
sustain or amplify this turbulence, one may also conceive a simpler sce-
nario, in which the power spectrum of magnetic fluctuations at the shock
contains long wavelength modes, with a long lifetime ∝ k−3. As discussed
in Lemoine (2013), these modes could be excited by the highest energy
particles accelerated at the shock front, which propagate over large dis-
tances in the upstream. The gradual dissipation of the micro-turbulence
by phase mixing would then lead to a ξB which now depends on some
power of the distance to the shock. The synchrotron spectrum produced
by a population of particles interacting with such a dissipative turbulence
bears some unique features, which could potentially be used as a diagnostic
of Weibel turbulence (Lemoine 2013, 2015a). A generic prediction, in par-
ticular, is a significantly larger ratio of flux at high energy to flux at low
energy, because high energy photons are produced by high energy electrons,
which radiate on a shorter timescale, hence in a stronger turbulence. Such a
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signature may have been detected in some gamma-ray bursts, whose multi-
wavelength light curve can be nicely explained by a synchrotron spectrum
resulting from a dissipative turbulence with ξB ∝ (ωpix/c)−0.5.
6 Macroscopic Simulations of Relativistic Shocks
The physics of relativistic collisionless shocks together with its applica-
tion to the phenomenology of powerful astrophysical sources, are com-
plex non-linear multi-scale problems, which have been addressed with a
variety of methods (see e.g. Bykov and Treumann 2011, Marcowith et al.
2016). Significant progress in our understanding of these phenomena has
come through particle-in-cell (PIC) simulations, which probe the full non-
linear relationship between the particles and the electromagnetic fields, see
Sironi et al. (2015) and references therein. Such simulations are however
computationally intensive and cannot yet explore the physics of shock waves
on the long macroscopic time and space scales on which the source evolves,
or on which radiation is produced. In this context, the analytical theory
that we have proposed in the previous section is useful because it can be
benchmarked against these PIC simulations on small physical scales and
extrapolated to the macrophysical scales of interest. An alternative method
is the numerical Monte Carlo technique which we describe in this Section.
Monte Carlo methods offer a modeling technique that lies between PIC
simulations and semi-analytic models. In contrast to semi-analytic descrip-
tions which make a global diffusion approximation, particles pitch-angle
scatter locally with the Monte Carlo technique (e.g., Ellison and Eichler
1984). The important difference is that for the diffusion approximation to
be valid, particle distributions must be nearly isotropic in all frames and
large flow gradients must be avoided. While these approximations are good
for superthermal particles in non-relativistic shocks, they are never good for
particles crossing relativistic shock front. In the Monte Carlo code, particles
undergo a small pitch-angle scattering event after a time small compared
to a gyroperiod. Thus the scattering is “local” and highly anisotropic dis-
tributions in sharp flow gradients can be treated directly. Of course, the
properties of the scattering are not calculated from first principles, as done
with PIC simulations. But scattering can be directly parameterized, as so
far done for relativistic shocks (e.g., Ellison et al. 2013), or determined more
fundamentally from CR-induced plasma instabilities, magnetic field ampli-
fication (MFA), and an analytic determination of scattering rates from the
self-consistently determined magnetic turbulence power spectrum in non-
relativistic shocks (e.g., Vladimirov et al. 2008, Bykov et al. 2014).
The analytical model described in the previous sections can be seen
as an effective two-fluid theory, describing how self-generated electromag-
netic turbulence affects and couples a fluid of superthermal particles with
a background plasma fluid. As such, it can accurately model the back-
reaction of the accelerated particles and of the background plasma on the
turbulence. In contrast, the Monte Carlo model is a one-component the-
ory. The pitch-angle scattering approximation treats all particles the same
and Fermi accelerated particles arise smoothly from the background plasma
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which is a self-consistently described collection of particles rather than a
separate fluid. The non-linear relationship between the Fermi accelerated
population and the bulk plasma is determined by iteratively solving the
energy-momentum tensor by forcing energy and momentum conservation
across the shock.
Although the relativistic Monte Carlo simulations that follow do not
make a distinction between the rest frame of the one-fluid plasma and the
rest frame of the turbulence, in contrast to Sec. 4.2, they will be general-
ized in the near future to a more realistic setting in which the growth of
turbulence and its rest frame are dictated by microphysical considerations.
Monte Carlo simulations of non-relativistic shocks which incorporate these
effects are described in the following as an illustration.
Most Monte Carlo models thus far have assumed plane, steady-state
shocks with Fermi acceleration limited by free escape boundaries. Parallel
(e.g., Ellison and Eichler 1984, Ellison et al. 2016), oblique (e.g., Baring et al.
1993, Summerlin and Baring 2012) and perpendicular (e.g., Takamoto and Kirk
2015) shock geometries have been modeled.
The main features of the Monte Carlo technique are: (1) a large dynamic
range can be modeled with reasonable computing resources following parti-
cles consistently from thermal energies to the highest CR energies with no
constraint on the anisotropy of the particle distribution; (2) the non-linear
(NL) feedback on the shock structure from efficient Fermi acceleration can
be determined consistently with injection and the production of ultra-high-
energy CRs; (3) since particle anisotropies are treated consistently, no dis-
tinction in the particle transport need be made between non-relativistic,
trans-relativistic, or ultra-relativistic shocks; (4) electrons and ions can be
simultaneously injected and accelerated allowing effects depending on par-
ticle mass to be determined self-consistently; and (5) absolutely normalized
radiation, from electrons and ions, can be calculated as a straightforward
function of model and environmental parameters.
The main drawbacks of this method are that it is intrinsically steady
state, generally done for plain-parallel shocks, and thus far too compu-
tationally slow to include in hydrodynamic evolutionary models such as
those for young SNRs using semi-analytic descriptions of NL diffusive shock
acceleration (e.g., Ellison et al. 2007, Lee et al. 2012, Ellison et al. 2012,
Zirakashvili and Ptuskin 2012).
We describe here some physical results obtained with the Monte Carlo
technique which may help to understand the backreaction effects of the
accelerated particles on the shock flow at large scales which can affect the
particle spectra and radiation and which are difficult to simulate yet with
the PIC simulations.
6.1 PIC vs Monte Carlo simulations
At present, the self-consistent problem of relativistic collisionless shock
structure, turbulence production, and particle acceleration can only be
solved with full scale PIC simulations. A very important result of these
simulations is the demonstration that the Weibel instability, as well as
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Fig. 5 The top panels show the non-linear (NL) shock structure in terms of the
inverse density, γ(x)β(x)/(γ0β0), for shocks with mean free paths having different
momentum dependence illustrated in Fig. 6. This figure is adapted from figure 7 in
Ellison et al. (2016) and that paper has full details. In all cases, the shock Lorentz
factor is γsh = 10 and curves labeled UM are for unmodified shocks where the shock
structure is discontinuous.
current-driven filamentation instabilities, produce short-wavelength turbu-
lence which can scatter accelerated particles (see e.g. Spitkovsky 2008,
Plotnikov et al. 2011, Sironi et al. 2013, Lemoine et al. 2014c). In the sim-
ulations performed thus far, the self-generated turbulence is seen to fill a
layer of a few hundred ion skin depths close to the subshock. Another im-
portant result is that PIC simulations have shown that, regardless of the
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background magnetic field geometry, unmagnetized relativistic shocks can
be efficient particle accelerators converting & 10% of their ram pressure
into accelerated particles (e.g. Sironi et al. 2013).
Despite these successes, the limitations on box size, run time, and di-
mensionality (see Jones et al. 1998, Vladimirov et al. 2008) inherent in PIC
simulations force the consideration of less fundamental descriptions. This
is especially true for non-relativistic and trans-relativistic shocks where the
precursors may extend over the scales of hundreds or thousands of gyro-
radii of maximal energy CRs. By parameterizing the particle transport, the
Monte Carlo technique we discuss can simulate the non-linear shock struc-
ture on astrophysically significant scales for arbitrary shock speeds (see
Ellison et al. 1995, Summerlin and Baring 2012, Ellison et al. 2016). In the
case of non-relativistic shocks, the Monte Carlo model can simultaneously
include the non-linear shock structure, accelerated particle production, and
magnetic turbulence generation accounting for both short scale and long-
wavelength instabilities produced by the anisotropic CR particle distribu-
tions (e.g. Vladimirov et al. 2009, Bykov et al. 2014). It is even possible to
include super-diffusive propagation (i.e. the so-called Le´vy-walk models, e.g.
Zimbardo and Perri 2013) consistently in the shock precursor (Bykov et al.
2017).
In principle, microphysical parameters determined with PIC simulations
can be implemented in the Monte Carlo code to allow the analysis of large-
scale CR modified shocks. While this will allow for a large increase in dy-
namic range, it remains uncertain whether or not self-generated CR-driven
instabilities occur on large scales, particularly for fully relativistic shocks
(see e.g. Sagi and Nakar 2012, Lemoine et al. 2014c). In the next section
we present some Monte Carlo results showing the large-scale macroscopic
structure of relativistic shocks. We also include a discussion of trans-relativ-
istic and non-relativistic shocks to emphasize that the differences between
shocks of varying speed is mainly one of analysis; mathematical techniques
separate shocks more than the underlying physics which must be continuous
through the trans-relativistic range.
7 Non-linear Shock Structure
It is reasonably certain from direct observations that non-relativistic shocks
can inject and accelerate ions efficiently, while the electron acceleration effi-
ciency, at least in interplanetary shocks, is still uncertain (e.g., Dresing et al.
2016). While no direct observations exist for relativistic shocks, many mod-
els, particularly those for γ-ray bursts (GRBs), assume Fermi acceleration
is efficient with & 10% of the shock ram kinetic energy placed in non-
thermal particles. In many cases, this energy is assumed to be given to
electrons since they produce readily observable synchrotron and inverse-
Compton emission. To our knowledge, there are no self-consistent models
of first-order Fermi shock acceleration that place more energy in electrons
than ions. Unless shocks are accelerating a pair dominated plasma whatever
energy fraction is assumed for electrons will be equaled or exceeded by ions
even if they do not produce observable radiation.
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Fig. 6 Mean free paths for the self-consistent shocks shown in Fig. 5 (see
Ellison et al. 2016). The positions of the free escape boundaries (FEBs) are shown
and it is noted that the momenta at which λmfp(pFEB) ≃ |LFEB| (solid dots) are
such that pFEB/pmax is a strong increasing function of αH .
If Fermi acceleration is efficient, the shock structure must be modified
by the back pressure of CRs as they scatter in the shock precursor. This is
illustrated in Fig. 5 which is adapted from figure 7 in Ellison et al. (2016).
The shocks shown in Fig. 5 are relativistic with a Lorentz factor γsh =
10. For a given acceleration efficiency, non-relativistic shocks will have a
more pronounced precursor structure because it is easier for CRs to scatter
upstream in a non-relativistic flow. The Monte Carlo code determines the
momentum and energy conserving shock structure by iteration, as described
in Ellison et al. (1996, 2013).
7.1 Iteration of Shock Structure
If we assume that the shock is parallel and if we ignore the effects of es-
caping momentum and energy fluxes, the shock-frame, steady-state flux
conservation relations are:
Fn(x) = γ(x)n(x)β(x) = F
0
n , (49)
Fpx(x) = γ
2(x)β2x(x)[e(x) + Pxx(x)] + Pxx(x) = ΦP0,
(50)
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Fig. 7 Phase-space distributions with various indexes αH and pd, as indicated (see
Ellison et al. 2016). Note the effect pd has on the Fermi acceleration efficiency in
the top two curves both with αH = 2. Model (J) is simulated with αH = 1 and the
upstream FEB is at −25 rg0. To have essentially the same pmax, model (L) with
αH = 2 has a FEB at −2×106 rg0. All spectra are calculated at x = 0 in the rest
frame of a shock with γsh = 10.
and
Fen(x) = γ
2(x)βx(x)[e(x) + Pxx(x)] = F
0
en . (51)
Here, F 0n , ΦP0, and F
0
en are the far upstream number, momentum, and
energy fluxes, respectively, and Pxx is the xx-component of the pressure
tensor, P . Given the input quatities, F 0n , ΦP0, and F 0en, these three equa-
tions have four unknowns: n(x), γ(x), e(x), and Pxx(x), so an additional
constraint is needed for solution. We use the adiabatic and gyrotropic equa-
tion of state:
e(x) =
P (x)
Γ (x)− 1 + ρ(x)c
2 , (52)
where e(x) is the total energy density, ρ(x)c(x)2 is the rest mass energy
density, Γ (x) is the adiabatic index, and P (x) = Pxx is the isotropic scalar
pressure, i.e., P = Tr(P)/3 (see Double et al. 2004, for more details). All
of these quantities, along with the bulk flow Lorentz factor (also called the
shock profile) γ(x), vary with position x in the precursor.
The solution is accomplished in the Monte Carlo code by iteration. Start-
ing with a shock profile, i.e., γ(x), the simulation is run and Fn(x), Fpx(x),
and Fen(x) are measured at every x. If the measured fluxes don’t match the
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known values F 0n , ΦP0, and F
0
en to within some error limits, P (x), which
is a local frame quantity, is determined using Eq. (50) or (51). Using this
new P (x), Eqs. (49)–(51) are used to predict the next shock profile, i.e.,
the next γ(x). This process is iterated until the fluxes are conserved. An
example from data presented in Ellison et al. (2016) is shown in Fig. 5. In
contrast with semi-analytic techniques where multiple solutions can be ob-
tained (see Drury 1983, for a review), unique solutions always result with
the Monte Carlo approach because of the non-linear (NL) feedback between
the thermal injection and the shock structure.
The above procedure becomes significantly more complicated with an
oblique magnetic field. In this case, there are x-dependent parallel and
perpendicular components of the magnetic field and equations (49)—(51),
are replaced by six equations which include magnetic pressure. This sys-
tem has been derived by Double et al. (2004). Self-consistent solutions have
been found for NL oblique non-relativistic shocks (e.g., Ellison et al. 1996),
oblique relativistic unmodified shocks (e.g., Ellison and Double 2004), but
we know of no solutions, other than from PIC simulations, for NL oblique
relativistic shocks.
7.2 Particle Transport and Magnetic Turbulence
Pitch-angle particle scattering and convection are determined in one of two
ways in the Monte Carlo code. In the simplest scheme the mean free path
λ(x, p) is a fully parameterized function of particle momentum p and posi-
tion x relative to the subshock at x = 0. This method has been used exten-
sively in previous non-relativistic applications (e.g., Berezhko and Ellison
1999) and is currently used for relativistic shocks.
In Fig. 6 we show examples of the scattering mfp for relativistic shocks
(γsh = 10) where the momentum dependence has been varied as follows
(see Ellison et al. 2016, for full details):
λmfp(p) = ηmfp · rg(pd) · (p/pd)αL for p < pd
= ηmfp · rg(pd) · (p/pd)αH for p ≥ pd . (53)
Here p is the particle momentum in the local frame, αL ≤ 1, αH ≥ 1, pd is a
dividing momentum between the low- and high-momentum ranges, rg(pd) =
pdc/(eB0) is the gyroradius for a proton with local-frame momentum pd in
the background field B0, and ηmfp ≥ 1 is a parameter that determines the
strength of scattering. More complicated forms for λmfp(p) can be used
in the Monte Carlo simulation to model semi-analytic and/or PIC results
where available. Note that λmfp(p) was taken to be position independent in
the results shown in Figs. 6 and 7.
The Bohm limit is described by ηmfp = αL = αH = 1, and the conditions
αL ≤ 1 and αH ≥ 1 ensure that λmfp ≥ ηmfprg for all p.2 In the simple
2 The case with ηmfp = αL = αH = 1 is often referred to as “Bohm diffusion”
however particle trajectories are calculated in the Monte Carlo code without making
a diffusion approximation.
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geometry of a plane-parallel, steady-state shock, results scale with ηmfp.
Large values of ηmfp imply weak scattering with long length and time scales.
In Fig.6, αH = 2 is used as a typical value predicted by the analytical
theory of Sec. 4.2 of particle transport in small-scale micro-turbulence.
Regardless of the form for λmfp, pitch-angle scattering is modeled as
follows: after a time δt ≪ τg (τg is the gyro-period) a particle scatters
isotropically and elastically in the local plasma frame through a small angle
δθ ≤ δθmax. The maximum scattering angle in any scattering event is given
by (see Ellison et al. 1990a)
δθmax =
√
6δt/tc , (54)
where δt = τg/Ng, tc = λmfp/v is the collision time, v is the particle speed
in the local frame, and Ng is a free parameter. Typically, Ng is chosen large
enough to produce fine-scattering results that do not change substantially
as Ng is increased further (see Summerlin and Baring 2012, for examples
with values of Ng producing large-angle scattering).
All particles are injected far upstream with a thermal distribution and
scatter and convect into and across the subshock into the downstream re-
gion. A critical approximation used to date in the Monte Carlo simulation
is that the subshock is transparent, i.e., no attempt is made to describe the
effects of a cross-shock potential, amplified magnetic turbulence, or other
effects that may occur in the viscous subshock layer. This approximation
has been relaxed in recent work with the parameterization of energy trans-
fer between ions and electrons at the subshock and an injection threshold
(Warren et al. 2015a).
Upon interacting with the downstream plasma, some particles will gain
energy sufficient to allow them to scatter back across the subshock and
be further accelerated. The fraction of particles that are injected, i.e., do
manage to re-cross the subshock is determined stochastically and consti-
tutes a “thermal leakage injection” model once the further assumption is
made that the subshock is transparent. This injection model requires no
additional parameters or assumptions once the scattering mean free path
is defined in equation (53).
The additional parameter implemented byWarren et al. (2015a) to model
radiation spectra from unmagnetized relativistic shocks is fion which is the
fraction of far upstream ion ram kinetic energy transferred to electrons.
The far upstream kinetic energy of an ion is (γsh − 1)mic2, where mi is
the ion mass. When an ion crosses the subshock from upstream to down-
stream for the first time, a part of this energy equal to fion(γsh − 1)mic2
is removed from it. The total energy removed from all of the ions is di-
vided equally among electrons and added to their energy as they cross the
subshock into the downstream region for the first time. This parameteri-
sation was implemented to account for the effect of the energy exchange
between the ions and electrons in the subshock which is clearly seen in
Fig. 11 from Sironi et al. (2013) where PIC simulations of a low magneti-
zation (σ < 10−5) ion-electron plasma shock were presented.
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7.3 Particle Escape
While the majority of shocked particles convect downstream and don’t re-
cross the subshock to experience Fermi acceleration, a small fraction will
continue to be accelerated until they run out of acceleration time or their
diffusion length becomes comparable to the shock size. Both the acceler-
ation rate and the effective shock size depend critically on self-generated
turbulence which will always have a finite extent. The finite extent of self-
generated turbulence guarantees that particle escape will play a role in
Fermi acceleration.
In quasi-steady-state shocks, such as the Earth bow shock, or long-lived
shocks, such as SNR blast waves, the effective shock size limits acceleration
(except at earliest times for SNRs) and the escape of particles from the
shock becomes an important part of the Fermi process. In fact, in high
Mach number non-relativistic shocks, it isn’t possible to conserve energy
unless escape occurs and this has been modeled with a free escape boundary
(FEB). The steeper spectrum produced by Fermi acceleration in relativistic
shocks obviates the energy conservation argument, but the finite extent of
self-generated turbulence means particle escape will occur here as well.
Because self-generated turbulence will decay in the downstream region,
particle escape can occur from downstream as well as upstream from the
precursor.3 The Monte Carlo simulation limits acceleration with an up-
stream and/or downstream FEB, although lateral escape can also be mod-
eled. Lateral escape may be important in objects as diverse as the Earth
bow shock and GRB jets. How escape actually occurs will depend on the de-
tailed geometry of the shock but all these scenarios produce a corresponding
pmax with no differences large enough to be discerned from current observa-
tions. Even though the Monte Carlo model is steady-state, the acceleration
time of individual particles is calculated and Fermi acceleration can also
be limited by setting a maximum time (see Achterberg et al. 2001, Drury
2011, for a discussions of particle escape).
An upstream FEB has been used extensively in models of CR production
in young SNRs (e.g., Ellison et al. 2007, Morlino et al. 2009, Caprioli et al.
2010) where there is typically a SNR age where a transition occurs between
pmax being determined by the remnant age to being determined by the
finite shock radius. We note that there is direct observational evidence for
upstream escape at the quasi-parallel Earth bow shock (e.g., Trattner et al.
2013).
Using Eq. (53) to vary the momentum dependence of λmfp(p) we show
some examples in Fig. 7. These are shock-frame, phase-space distributions
for relativistic shocks with γsh = 10. For these examples, the size of the
precursor (i.e., the position of the upstream FEB) has been varied to pro-
duce approximately the same pmax. The model parameters are described in
detail in Ellison et al. (2016) but it is sufficient to say that the precursor
3 In the often used approximation of an infinite, plane shock, particles do not
“escape” downstream unless a boundary is imposed. Particles convect away from
the shock but always have a finite, but increasingly small, probability of scattering
back to the subshock.
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size depends strongly on the momentum dependence of λmfp(p). For Model
(J) with αH = 1, the upstream FEB is at −25 rg0, while Model (L) with
αH = 2 and essentially the same pmax, has a FEB at −2×106 rg0. Here
rg0 = mpu0c/(eB0) where u0 is the shock speed, B0 is the far upstream
magnetic field, and mp, c, and e have their using meanings. A value of
αH > 1 implies weak turbulence but this also means that energetic parti-
cles will be able to scatter well into the precursor opening the possibility of
self generation of precursor turbulence.
7.4 Thermal Particle Injection
A collisionless shock moving through ambient material will heat all of the
material and inject some fraction of that material into the Fermi acceler-
ation mechanism. While it is clear that a background superthermal popu-
lation will always be accelerated (e.g., Blandford and Ostriker 1978), there
is compelling evidence that some fraction of the cold unshocked gas, upon
being heated, will be Fermi accelerated as well (e.g., Blandford and Eichler
1987, Ellison et al. 1990b, Sironi et al. 2013). We characterize any process
that turns cold, unshocked material into superthermal particles, thermal
particle injection.
Thermal particle injection (TPI) has been considered a particularly dif-
ficult part of Fermi acceleration from both observational and theoretical
aspects. By definition, thermal particles are always highly anisotropic at
shocks of any speed, making injection difficult to describe with semi-analytic
models based on the diffusion-advection equation. Injection can be treated
more directly with the Monte Carlo code since there are no constraints on
anisotropy. This makes it possible to describe injection in an internally self-
consistent way within the assumptions made to describe particle transport
with no additional assumptions.
However, as seen in PIC simulations, the subshock layer will be highly
turbulent (e.g., Sironi et al. 2013, Caprioli et al. 2015) making the injec-
tion process fundamentally complex. While the simple approximations for
particle scattering made by the Monte Carlo model cannot describe the
full complexity of TPI, Monte Carlo results have been shown to be reason-
ably consistent with PIC simulations of relativistic shocks. Using similar
parameters, the Monte Carlo simulation can reasonably reproduce the NL
shock structure, particle spectral shape, and overall acceleration efficiency
obtained by the PIC simulation (see Ellison et al. 2013, for details). We
know of no semi-analytic method that can do this for relativistic shocks. In
effect, the Monte Carlo injection approximations average over the complex
microscopic details while ensuring that global momentum and energy con-
servation is maintained. These approximations allow parameterizations of
PIC results that can then be applied on larger CR momentum, length, and
time scales than are currently possible with PIC simulations.
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Fig. 8 Non-linear downstream spectra for models of relativistic ion-electron shocks
of γsh = 10 with fion = 0.1 and fion = 0.4 simulated by Warren et al. (2015a). In
both panels the solid (black) curves are protons, the dashed (red) curves are He2+,
and the dotted (blue) curves are electrons.
7.5 Precursor Structure
In order for Fermi acceleration to work, some downstream particles must
scatter back across the shock into the upstream region creating a precursor.
While the length of this precursor is a strong inverse function of shock
Lorentz factor, it must be present on some scale if CRs are accelerated
beyond the initial boost they obtain in their first interaction with the shock.
We characterize the precursor scale with a penetration depth,Dpen(ppeak),
where ppeak is the momentum where p
4.23f(p) peaks. Examples are shown
in Fig. 9 for an unmodified (UM) shock (top panel) and the NL shock
(bottom panel) where momentum and energy are conserved and the shock
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Fig. 9 The distribution function simulated with the Monte Carlo technique [repre-
sented as p4.23f(x, p)] at the different distances in the shock precursor. The distance
(which is measured in rg0) is indicated by a label on the corresponding curve. The
simulation results for an unmodified shock (UM) are shown in the top panel while
p4.23f(x, p) for a simulated non-linear shock (NL) where momentum and energy
are conserved is shown at the bottom panel.
is smoothed. While it is clear that the momentum of the peak, ppeak, is
not precise—the precursor distributions are not delta functions—there is a
clear difference in Dpen(ppeak) between the two cases.
In Fig. 10 we plot Dpen vs. ppeak for shocks with varying Lorentz factors.
In the UM shocks (top panel), Dpen ∝ p2peak in all cases. Note that the
curves in the top panel are scaled to the γsh = 10 result with a normalization
factor (γsh/10)
2 as shown. For a given p, the penetration depth scales as
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Fig. 10 The characteristic precursor scale derived as the distance Dpen(ppeak) from
the shock to the precursor position where p4.23f(x, p) peaks. The momentum ppeak
corresponds to the peak of p4.23f(x, p) in Fig. 9. We plot Dpen vs. ppeak for shocks
with varying Lorentz factors. In the top panel the results for unmodified shocks
(UM) are presented, while the bottom panel shows the results for non-linear shocks
(NL) see Fig. 9.
1/γ2sh, as expected for an UM flow. The NL shocks show something very
different. For γsh = 10, 30, and 60, Dpen ∝ p1/2peak. It is much easier for low
momentum particles to diffuse upstream once the precursor develops. At
the highest p shown in Fig. 10, the penetration depth becomes similar for
the UM and NL cases. Note that the trans-relativistic UM γsh = 2 shock
obeys the Dpen ∝ p2peak scaling but doesn’t conform to the 1/γ2sh scaling.
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Fermi acceleration in relativistic shocks has been suggested as a possi-
ble source of ultra-high-energy CRs (e.g., Keshet and Waxman 2005), and
relativistic shocks may be responsible for non-thermal radiation observed
from a number of astrophysical sources including γ-ray bursts (GRBs),
type Ibc supernovae, and extra-galactic radio jets. In order to explain this
CR production and radiation, electron and ion acceleration to ultra-rela-
tivistic energies must be modeled. Particle-in-cell simulations concentrate
on microphysical aspects of relativistic shocks but lack the dynamic range
needed to model nonlinear shock structure and Fermi acceleration from
thermal injection energies to CR energies above ∼ 1015 eV. On the other
hand, semi-analytic descriptions of magnetic field amplification and parti-
cle scattering can cover a large dynamic range but have not yet included
non-linear effects from efficient Fermi acceleration. We believe the Monte
Carlo technique offers a way to combine insights gained from semi-analytic
studies with PIC results, such as the transfer of ion energy to electrons, in a
NL, broadband model capable of producing radiation that can be compared
with observations (e.g., Warren et al. 2015b, 2017).
7.6 Lessons from non-relativistic shock models: Scattering Center Speed
Thus far, the calculation of self-generated turbulence in NL relativistic
shocks has only been done with PIC simulations. Semi-analytic calculations
have been performed in unmodified relativistic shocks, as discussed earlier.
As a prelude to future relativistic shock Monte Carlo calculations, we show
here some examples for NL non-relativistic shocks performed recently by
Bykov et al. (2014). Despite the physical differences between relativistic
and non-relativistic shocks discussed above, the non-relativistic results can
serve as a useful guide.
The NL, non-relativistic Monte Carlo model includes magnetic field
amplification from resonant instabilities, as well as short-wavelength (e.g.,
Bell 2004, Pelletier et al. 2006, Amato and Blasi 2009) and long-wavelength
(e.g., Bykov et al. 2012a, Schure et al. 2012) non-resonant instabilities. In
Fig. 11, taken from Bykov et al. (2014), we show downstream particle spec-
tra (top panel) for examples with and without the long-wavelength, non-
resonant instability. The examples shown were simulated with and without
the turbulence cascade, as indicated. It is important to note that in these
non-relativistic results, the scattering mean free path is self-consistently de-
termined and has an arbitrary p and x dependence. The self-consistently
determined diffusion coefficient is shown in the bottom panel in Fig. 11,
again taken from Bykov et al. (2014). It is clear from Fig. 11 that the mfp
does not have a simple Bohm-like momentum dependence. A very important
distinctive feature of these non-relativistic results is the spectral hardness at
high p. Such hard spectra are not expected in relativistic shocks, as shown
in Fig. 8. The hard CR spectrum in NL, non-relativistic shocks provides
the free energy needed for strong amplification of magnetic turbulence in
the shock precursor. It remains to be seen how turbulence will generated in
relativistic shocks.
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Self-generated magnetic turbulence is essential for Fermi acceleration to
work since particles must scatter nearly elastically off this turbulence to
cross the subshock several times and be accelerated above thermal ener-
gies. An important aspect of this is that the turbulence may move through
the bulk plasma so the effective compression ratio for Fermi acceleration,
Reff(x) = vscat(x)/u2, may differ from the compression ratio of the bulk
plasma, R = u(x)/u2, where u2 is the downstream flow speed in the shock
rest frame.
Fig. 12 shows an example from a non-relativistic shock calculation where
vscat has been determined self-consistently with the Monte Carlo simulation.
While most semi-analytic calculations assume vscat is the Alfve´n speed,
va(x), calculated either with the ambient magnetic field or the amplified
field, the self-consistent results obtained in Bykov et al. (2014) show that it
can differ substantially from va(x) regardless of the magnetic field assumed.
The velocity of the scattering centers, i.e. the Weibel frame, has been
determined analytically in the relativistic regime in Sec. 4.2. This motion is
of course implicitly included self-consistently in PIC simulations, and it will
be incorporated in future Monte Carlo simulations of relativistic shocks.
7.7 Radiation from Monte Carlo shock modeling
Within the assumptions of the TPI model, the Monte Carlo technique cal-
culates the thermal and nonthermal plasma consistently. Therefore, the dis-
tribution functions, such as those shown in Fig. 7, contain the background
plasma as well as the accelerated population. This means the ion and elec-
tron spectra are absolutely normalized for a given set of environmental and
model parameters and the synchrotron, bremsstrahlung, and pion-decay
emission is also absolutely normalized without requiring additional param-
eters. The current Monte Carlo code does not include synchrotron-self-
Comptonization so an external photon field is required for inverse Compton.
Additional parameters will also be required for the other radiation mecha-
nisms if radiation is calculated from shock accelerated particles interacting
with an external medium.
In Fig. 8, distributions from Warren et al. (2015a) are shown where the
fraction of energy transferred from ions to electrons, fion, has been set to
two different values as indicated. In both cases, the NL shock structure
was calculated including electrons, protons, and He2+. Fig. 13, also from
Warren et al. (2015a), shows the broadband continuum radiation produced
in these shocks. The transfer of ion energy to electrons radically influences
the synchrotron emission. The emission at ∼ 1Mev with fion = 0.4 is ∼ 100
times that for fion = 0.1. On the other hand, the pion-decay emission in
the GeV-TeV region drops for fion = 0.4 since the ions have less energy.
See Warren et al. (2015a) for a full discussion of these effects.
41
Fig. 11 Phase-space particle distributions, [p4/(mpc)]f2(p) (top panel), and diffu-
sion coefficients (bottom panel) calculated downstream from the subshock in the
nonlinear Monte Carlo model for shock velocity 5,000 km s−1, the far upstream
density n0 = 0.3 cm−3, and magnetic field B0 = 3 µG. The particle spectra and
diffusion coefficients calculated consistently for different models of magnetic turbu-
lence (from Bykov et al. 2014).
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Fig. 12 The scattering center velocity profile (solid line) derived from the nonlinear
Monte Carlo model for shock velocity 5,000 km s−1, the far upstream density n0 =
0.3 cm−3, and magnetic field B0 = 3 µG. We also show the flow velocity profile
(dashed line) and Alfve´n velocities calculated with the amplified magnetic field
Bls(x) (dotted line) and the initial field B0 (dot-dashed line) (from Bykov et al.
2014).
8 Summary
In this article, we have provided an analytical description of the main com-
ponents of a relativistic collisionless shock, building on earlier work and
borrowing from the results of particle-in-cell simulations. We have com-
pleted this discussion with a review of Monte Carlo techniques, which offer
a complementary method to approach the mesoscale physics of these shock
waves. As an executive summary, we review here some of the most salient
points of the physics of relativistic collisionless shock waves:
(i) In unmagnetized shocks where the background magnetic field is dom-
inated by self-generated turbulence, the shock forms thanks to a partial re-
flection of the incoming particles on a front produced by the enhancement
of the electromagnetic energy density.
(ii) The electromagnetic precursor is generated by a streaming micro-
instability. The Weibel instability emerges as the leading micro-instability
in the unmagnetized regime. At weak but finite magnetization, a current
driven instability is expected to play an important role as well.
(iii) At magnetization levels not far below unity (and higher), the shock
is formed by the compression of the background magnetic field.
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Fig. 13 Total observed photon energy flux for non-linear Monte Carlo models of
relativistic ion-electron shocks of γsh = 10 with fion = 0.1 and fion = 0.4 simulated
by Warren et al. (2015a).
(iv) As we have argued, the Weibel turbulence which is excited in the
precursor propagates forwards at a sub-relativistic speed (typically ξcr with
respect to the background plasma, ξcr being the ratio of the cosmic ray
pressure over the incoming energy density in the front frame).
(v) Electron heating in the precursor occurs through two processes:
through the motion of the scattering centers with respect to the back-
ground, and through the induction electric field.
(vi) The motion of the Weibel frame with respect to the background, in
addition to its heating effect, produces a slowing of the incoming plasma
that might reduce its speed to a mildly relativistic one, thereby allowing a
saturation of the Weibel instability by the dispersion effect of the beam.
(vii) Weibel turbulence gives rise to filaments in the background plasma,
whereas the beam of superthermal particles does not suffer filamentation
due to its high inertia.
(viii) The particle scattering rate decreases with the energy of the con-
sidered particle in proportion to γ−2. This result first established with a
random phase approximation has been confirmed by a Hamiltonian chaos
investigation, and has also been confirmed by PIC simulations.
(ix) Because of this fast decrease of the scattering frequency, even a tiny
mean field can stop the Fermi acceleration process; acceleration can take
place in shock waves for which the magnetization σ . ξ2B, i.e., σ . 10
−4.
In particular, if the Weibel instability dominates turbulence production on
all scales into the non-linear regime, protons cannot be accelerated beyond
1016 eV in the termination shocks of gamma-ray bursts. Electrons can be
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efficiently accelerated up to 10TeV or so in similar conditions and give rise
to GeV synchrotron emission at early times.
(x) If relativistic shocks are as efficient in producing superthermal par-
ticles as suggested by PIC simulations, and often assumed in astrophysical
models, non-linear effects from efficient CR production must be considered.
(xi) With efficient CR production, the shock structure, turbulence pro-
duction, Fermi acceleration, and particle injection from the thermal back-
ground are coupled. By using phenomenological particle scattering, Monte
Carlo methods can address this multi-scale coupling over large dynamic
ranges in an internally consistent fashion.
(xii) The analysis of relativistic shocks is substantially more difficult
than non-relativistic ones because particle distributions are not nearly isotropic
in all frames and the diffusion approximation cannot be used directly. Nev-
ertheless, the underlying physics of collisionless shock formation, particle
injection, wave generation, and Fermi acceleration must be continuous from
non-relativistic speeds through the trans-relativistic regime. Monte Carlo
techniques can address important non-linear aspects of this transition.
(xiii) A major direction for future work is to include magnetic field
amplification for relativistic and trans-relativistic shocks. Additional work
can be directed toward non-linear oblique shocks and using the Monte Carlo
code in astrophysical applications.
A Appendices of the first part of the paper
A.1 Determination of the Weibel frame in a pair plasma
We consider the transverse perturbed motion in the linear approximation in the
background plasma and in the relativistic beam of returning particles, assuming
here a pair shock. For a species indexed by α, moving at velocity βα in a frame
to be specified later, with proper enthalpy density hα and number density nα, the
perturbed dynamical and continuity equations can be written as
c−1hαγα∂tδuα,⊥ +∇⊥δpα = nαγαqα∇⊥ (δΦ− βαδAx) (55)
c−1∂tδ (γαnα) + γαnα∇⊥ · δβα,⊥ = 0 (56)
It is understood that δpα, δuα, δnα are first order perturbations while hα, nα
etc. are zeroth-order uniform and constant in time variables. The above implicitly
assumes that the electromagnetic perturbations are characterized by δA0 and δAx
only, and that ∂x· = 0 for all quantities.
For the sake of simplicity, we assume cold species and neglect the pressure per-
turbation. The more general case of warm plasmas is discussed further below. Then
for each fluid (one fluid being composed of + and− species), meaning the superther-
mal fluid and the background plasma fluid, we derive from the above two equations
an uncoupled equation for the evolution of its apparent charge perturbation:
∂2t δρα =
ω2pα
4π
∆⊥ (δΦ− βαδAx) , (57)
where apparent charge density means ρα ≡ γαe(nα+ − nα−); ωp,α represents the
plasma frequency defined in the rest frame of the considered fluid, such that
ω2p,α ≡
4πnαe2c2
hα/nα
. (58)
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with the index α running over the superthermal (returning) particles and over the
background plasma. For a plasma temperature T ≪ mc2 (cold non-relativistic
plasma), hα ≃ namc2 and ω2pα = 4πnαe2/m. This is the case of the background
plasma, for which nα designs the density nu of the ambient plasma. For a plasma
of relativistic temperature T > mc2, hα ≃ 4pa ≃ 4/3∆γαnαmc2 and ω2pα =
3πnαe2/ (∆γαm). This is the case of the plasma of returning particles for which:
nα ≃ ξcrγshnu, while the thermal Lorentz factor is ∆γα ∼ γsh (front frame); thus
its plasma frequency is such that ωpb ≃ ξcrωp, ωp the plasma frequency of the
background plasma.
We define the Weibel frame as that in which the instability becomes purely
magnetic, i.e. where the electrostatic potential and the total electric charge density
vanish. The evolution of the total charge density is governed by
4π∂2t δρtot = ∆⊥
{∑
α
ω2pα (δΦ− βαδAx)
}
. (59)
In the Lorentz gauge, δΦ can be expressed directly in terms of the total charge
perturbation; switching over to Fourier space, one infers(
ω4
k2
− ω2 +
∑
α
ω2pα
)
δΦ =
∑
α
βαω
2
pαδAx . (60)
Thus there is no source of electrostatic excitation when
∑
α βαω
2
pα = 0; this defines
the Weibel frame, that always exists. For the case we are treating, the relation
defining the Weibel frame is simply:
ξcrβb|w + βbg|w = 0 . (61)
with βb|w (resp. βbg|w) the velocity of the beam (resp. the background plasma)
relative to this Weibel frame. The beam moves relativistically with respect to the
background plasma, therefore either βb|w ∼ 1 or βbg|w ∼ −1; we will argue further
on that the plasma filamentation is carried by the background, which motivates the
former choice. Thus the Weibel frame moves forward (in the same direction as the
shock front) relative to the background plasma, but at a low velocity
βw|bg =
ξcr
1 + ξcr
. (62)
One can also directly calculate the speed of the Weibel frame with respect to the
front, written βw (with other velocities are also written in the front frame):
βw − βbg
1− βwβbg
= ξcr
βb − βw
1− βbβw
, (63)
which leads to
βw ≃ −βsh + ξcr
γ2sh
. (64)
It can be easily checked that the latter result is also obtained by a Lorentz transform
of the result in the background frame.
A.2 Determination of the Weibel frame in a ionic plasma with hot
electrons
We assume now a plasma made of protons and hot electrons. When electrons are
relativistically hot, they are in a quasi-Boltzmann equilibrium and also they are
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responsible for strong Landau effects in the electromagnetic response functions. The
transverse and longitudinal response functions of background electrons are defined
through
δjx,e =
ω2
4πc
χT,eδAx|u (65)
δρe = − k
2
4π
χL,eδΦ|u (66)
with
χT,e ≃ −
ω2pi
ξthk2c2
(
1− iπ
4
kc
ω
)
(67)
χL,e ≃
ω2pi
ξthk2c2
(
1 + i
π
2
ω
kc
)
(68)
and let us recall the notation: ξth ≡ kTe/(mpc2). Using a cold response for the
background ions in their rest frame, i.e. δjx,i = −ω2pi/(4π)δAx|u, inserting these
responses in the equation for δAx|u, one obtains the dispersion relation:
(
ω2 − k2β2∗c2
)(
1 +
k2c2
ω2pi
− i π
4ξth
ω
kc
)
= −ξcrβ2b|uk2c2 . (69)
This dispersion relation neglects terms of order ω2/k2 in the second term on the
l.h.s., and it neglects a contribution of the electrostatic potential on the r.h.s, which
is of order βw|u ∼ ξcr relative to the above term. The effective sound velocity β∗c
which enters the equation of motion for the charge perturbation of the beam is of
order 1/γb, i.e. β2∗c
2 = c2s,b/γ
2
sh with cs,b = 1/
√
3.
Let us write the complex frequency of the Weibel modes as follows: ω = izξthkc,
where z ∈ C. The modification of the transverse response by the electronic Landau
effect is the main modification of the dispersion relation for Weibel modes, at least
off the saturation regime, that reads (omitting terms of order 1/γ2shξ
2
cr):
ξ2th
π
4
z3 + aξ2thz
2 +
π
4
β2∗z + aβ
2
∗ − ξcr = 0 , (70)
where a ≡ 1+ k2c2/ω2pi. The physical situation of interest corresponds to ξcr ≫ ξth
where
z3 ≃ 4
π
ξcr
ξ2th
. (71)
We thus find an instability with a growth rate:
ginst|u =
(
4ξcr
πξ2th
)1/3
ξthkc ≃ (ξthξcr)1/3 kc . (72)
This growth rate is not significantly different from the cold one for kc = ωpi and
ξth ∼ ξcr. The threshold due to beam dispersion is found by keeping all the terms
except the third degree term and assuming ξcr − aβ2∗ positive but arbitrary small.
Then we find the unstable root:
z ≃ 4
πβ2∗
(
ξcr − aβ2∗
)
, (73)
which leads to the saturation condition: γbg = ξ
−1/2
cr in the front frame.
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A.3 The scattering law derived from the Hamiltonian chaos
We thus consider returning cosmic rays in theWeibel frame with a very high Lorentz
factor γ, such that their motion in the x−direction is almost constant (vx = c with
a very good accuracy); then, only their non-relativistic transverse motion matters
with v⊥ ∼ c/γsh. We assume that the magnetic modes carry an x−wave number
k0 which is small compared to the transverse ones k0 ≪ k⊥ ∼ δ−1i , as it appears
to be in numerical simulations. Thus the cosmic rays can suffer resonances with
Weibel modes: k⊥v⊥ ± k0c = 0.
The most simple description consists in considering the transverse dynamics
only, the contribution of the x-coordinate amounting to a time dependent driving
with k0x(t) = k0ct, with a frequency ω0 ≡ k0c ≪ ωpi. In a 2D description, with
y denoting the transverse coordinate, this simple description involves a Lagrangian
of the form:
L = y˙
2
2
+ ε cos (ω0t)
∑
n
an cos (kny)
=
y˙2
2
+
ε
2
∑
n
an [cos (kny − ω0t) + cos (kny + ω0t)] , (74)
where the small amplitude parameter is defined as
ε ≡ qδAx|w
γmc2
(75)
The corresponding Hamiltonian describes a Chirikov standard map, with the small
ǫ parameter characterizing the perturbation which will provide the transition to
chaotic dynamics.
Let us define a local coordinate of phase space θn ≡ kny(t)∓ω0t. A resonance is
defined by θ˙n = 0. Around such a resonance, the Lagrangian can be approximated
as the time average:
L¯n = 1
2k2n
(
θ˙n ± ω0
)2
+
ε
2
an cos θn . (76)
The conjugate momentum of θn is
Jn ≡ ∂L¯n
∂θ˙n
=
θ˙n ± ω0
k2n
. (77)
and the corresponding Hamiltonian is:
H¯n =
k2n
2
J2n ∓ ω0Jn −
ε
2
an cos θn . (78)
This time independent Hamiltonian describes the energy invariant around each res-
onance. The n−resonance occurs for Jn = J(r)n = ±ω0/k2n (which is nothing but
knvn = ±ω0). Assuming for the time being that the resonances are sufficiently iso-
lated, then setting Jn = J
(r)
n +δJn around such a resonance, one finds a pendulum
like Hamiltonian, with oscillations described by
δJ˙n =
θ¨n
k2n
= − ε
2
an sin θn . (79)
The oscillations in θn have a pulsation Ωn in the bottom of the well such that:
Ω2n ≡
ε
2
k2nan . (80)
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The separatrix being defined as the region which separates oscillations from rota-
tions, one derives the maximum amplitude of the separatrix around the n−resonance
in the Jn direction of phase space as ∆Jn = 2
√
2Ωn/k2n. In contrast, the distance
between two neighboring resonances is ω0
(
k−2n − k−2n−1
) ≃ 2ω0δkn/k3n. The simple
heuristic threshold for chaos, proposed by Chirikov (1979), is that the separatrix
amplitude be larger than the spacing between resonances, giving: Ωn > ω0δkn/k2n,
which is always easily satisfied in our case, the transverse spectrum of Weibel in-
stability being a continuum.
Therefore, above a very low threshold, the resonances overlap and the transverse
motions of cosmic rays randomly jump from one resonance to another one. Using
Eq. (79), one infers the evolution of Jn after i jumps:
〈
∆J2n
〉 ∼ ε2
8
a2n∆t
2i , (81)
with ∆t ≃ ω−10 the time taken to change resonance, which plays the role of co-
herence time. The above assumes a random θn in resonance n at step i. Now, the
variation in Jn is related to the variation of the pitch angle α of the particle, since
∆Jn = ∆v⊥/kn ≃ ∆α/kn. As t = i∆t → +∞, one thus infers a scattering
frequency
νs =
〈∆α2〉
2t
∝ ε2k2n ∝ ξBωpi
γsh
γ2
. (82)
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